We introduce a prescription to compute the entanglement entropy of Galilean conformal field theories by combining gravitational anomalies and anİnönü-Wigner contraction. We find that our expression for the entanglement entropy in the thermal limit reproduces the Cardy formula for Galilean conformal field theories. Using this proposal, we calculate the entanglement entropy for a class of Galilean conformal field theories, which are believed to be dual to three-dimensional flatspace cosmological solutions. These geometries describe expanding (contracting) universes and can be viewed as the flat-space limit of rotating Bañados-Teitelboim-Zanelli black holes. We show that our finding reduces, in the appropriate limits, to the results discussed in the literature and provide interpretations for the previously unexplored regimes, such as flat-space chiral gravity.
I. INTRODUCTION
Entanglement is the quintessential property of quantum systems. The entanglement entropy (EE) is a measure of how much the different parts of a quantum system are entangled to each other. In [1] , it has been shown that the EE in (1+1)-dimensional conformal field theories (CFTs) can be computed using the constraints imposed by conformal symmetries on the two-point functions, as well as the transformation properties of the stress-energy tensor. The problem of computing the EE for CFTs has been reformulated geometrically, in light of the holographic principle, by Ryu and Takayanagi (RT) [2] . This insight has made clear that EE provides a valuable bridge between gravity and condensed matter physics. Lately, the study of EE has been extended to CFTs where the left-and right-moving sectors have different central charges [3] [4] [5] . These, correspond to theories that are sensitive to the coordinate system used to describe them, i.e., they exhibit gravitational anomalies.
Recently, for a class of nonrelativistic field theories which are governed by the symmetries of the Galilean conformal algebra (GCA) the EE has been computed. Interestingly, the GCA is isomorphic to the symmetry algebra of asymptotically flat spacetimes at null infinity, which is called the (centrally extended) Bondi-MetznerSachs (BMS) algebra [6] [7] [8] [9] . This fact is at the root of the BMS/GCA correspondence [10] [11] [12] [13] , a flat-space analogue of the AdS/CFT duality [14] . This correspondence raises a number of compelling questions such as finding an analogue of the Cardy formula [15] , the flat-space stressenergy tensor [16] and the EE [17] , among others. In this work, we pursue this line of inquiry to gain a deeper in- * Electronic address: morteza.hosseini@mib.infn.it † Electronic address: alvaro.velizosorio@wits.ac.za sight of the putative field theories dual to asymptotically flat spacetimes.
One can find asymptotically flat black holes in three dimensions only by including matter with negative energy; technically, violating the dominant energy condition. Thus, it might seem that there are not any interesting (purely) gravitational configurations to study flat-space holography in (2+1) dimensions. Nevertheless, there is a peculiar limit of the rotating Bañados-Teitelboim-Zanelli (BTZ) black hole [18] in which one can obtain a flat-space cosmology (FSC) geometry [19] . This is a time-dependent solution of (2+1)-dimensional gravity theories, such as Einstein gravity and topologically massive gravity (TMG), with a nontrivial BekensteinHawking entropy associated to its cosmological horizon. One of the main goals of this work is to compute the EE corresponding to the (1+1)-dimensional Galilean conformal field theory (GCFT 2 ) dual to this spacetime.
In order to find the EE for FSC, we propose a new approach that combines gravitational anomalies and thė Inönü-Wigner contraction [34] . To test this approach, first we derive the EE for Galilean invariant field theories at zero temperature and find that this computation matches the result in [17] . Then we apply our method to calculate the EE of the FSC geometry. We find a general expression which reduces to known results in the appropriate limits and hints at new directions.
II. ENTANGLEMENT ENTROPY IN CFT2 AND LORENTZ ANOMALIES
In quantum theories, even if we have access to all the information contained in a system, that does not guarantee that we can describe completely all of its subsystems. For each of these subsystems we can define a quantity called EE which quantifies this. Imagine that the system of interest is described by a pure state |Ψ and we wish to understand whether a subsystem A is entangled with the rest. The first step is to find the reduced density matrix, which is obtained by tracing out the degrees of freedom in the complement of A,Ā ρ A = Tr HĀ |Ψ Ψ| .
If there is any entanglement between the degrees of freedom in A and those inĀ, to an observer having access only to A the system appears to be in a mixed state. If that is the case, then the von Neumann entropy of ρ A
is nonvanishing. We refer to this quantity as the EE of A. In practice, we use the so-called replica trick [1] and instead compute the Rényi entropies
Then the EE (2) can be extracted from (3) by taking the n → 1 limit. Before studying EE for a GCFT 2 , let us briefly remind the reader how to compute this quantity for a CFT 2 . Suppose that the entangling region A is a collection of q disjoint intervals. As shown in [1] , S
A can be computed as a 2q-point function of twist operators Φ n on the plane. For a CFT 2 , these correspond to primary operators with scaling dimensions
where c L (c R ) is the central charge for the left-(right-) moving sector of the CFT 2 . Therefore, if A corresponds to a single interval on the plane with end points z 1 and z 2 we have
where z 12 = z 2 − z 1 . Hereafter, without loss of generality we set z 1 = 0 and z 2 = z. Using (2)-(5), the zero temperature EE for a single interval reads
The separation of this quantity into a contribution coming from left movers and one from the right movers will be important for our future considerations.
In the following, we study the behavior of EE for a class of nonrelativistic CFTs. In order to observe the asymmetry between space and time that arises for such theories we boost the entangling region. Clearly, for Lorentzinvariant theories, the EE is expected to be invariant, however; this is not the case for nonrelativistic CFTs. Strictly speaking, one investigates EE only for spacelike regions, since EE measures entanglement between degrees of freedom and one pictures these as living in space, and evolving through time. However, for the sake of the argument, let us rotate z in the complex plane to z = Re iθ . Under this rotation, the EE transforms into
Notice that the second term vanishes for theories where the Lorentz symmetry is nonanomalous (i.e., c L = c R ) but is present otherwise [4] . In terms of spacetime variables, under the analytic continuation z = x−t,z = x+t, the angle θ corresponds to a boost parameter κ with θ = iκ. Therefore, we find that the EE for the boosted interval reads
Observe that this quantity is frame dependent for nonrelativistic CFTs. In the next section we will focus on special nonrelativistic CFTs -namely GCFTs. a. Zero temperature EE for GCFT 2 . The GCA is the infinite-dimensional algebra generated by the conformal isometries of Galilean spacetimes. In 1+1 dimensions, which we consider here, the vector fields that generate these transformations are given by [13] 
They satisfy the algebra
In contrast, the (1+1)-dimensional relativistic conformal algebra is given by two copies of the Virasoro algebra generated by L n andL n . Notice that the GCA contains one copy of the Virasoro algebra and the mixed commutator has a very similar structure also. It is, therefore, natural to expect a relationship between these two algebras. Indeed, it can be shown that the algebra (10) can be obtained by performing anİnönü-Wigner contraction of the relativistic conformal algebra [11, 12] . This boils down to identifying the GCA generators with the linear combinations
of their Virasoro counterparts, where ǫ is a small parameter at the level of algebra. It is important to keep in mind that GCFTs are interesting on their own right, and should not be regarded just as contractions of relativistic CFTs. As such, the physical properties of GCFTs can be studied by considering the constraints imposed by their symmetry algebra without any reference to a parent CFT. However, let us see whether theİnönü-Wigner contraction can provide a shortcut to compute the EE for GCFTs. First we decompose R into space and time as
Then we plug this back into (8) and consider theİnönü-Wigner contraction (11) . From a spacetime point of view, this corresponds to taking ∆t → ǫ∆t and ∆x → ∆x, in the ǫ → 0 limit. This computation yields the EE for GCFT 2 , which reads
and matches the result obtained in [17] . Let us close this section with a final comment: The replica trick is valid for any quantum field theory; moreover, for (1+1)-dimensional field theories it implies that the EE of an interval is given by a two-point function of twist operators. Now, if the theory is symmetric enough, it is possible to constrain the functional form of the two-point functions. For the case at hand, notice that in Eq. (13) the first contribution comes from the Virasoro sector of the theory, while the second one comes from the exponential contribution to the two-point function found in [20] employing the Ward identities corresponding to M n . A similar behavior of the EE is also exhibited by other nonrelativistic systems [21] .
III. FLAT-SPACE HOLOGRAPHIC EE AT ZERO TEMPERATURE
For (2+1)-dimensional asymptotically flat spacetimes, the symmetry algebra at null infinity is given by the semidirect sum of the infinitesimal diffeomorphisms on the circle with an Abelian ideal of supertranslations. Moreover, it was shown that this algebra admits a nontrivial central extension. In particular, for Einstein gravity it reads [22] [
[
This is the so-called BMS 3 algebra corresponding to Einstein gravity. Clearly, this algebra is isomorphic to a GCA 2 (10) with c LL = 0 and c LM = 3/G, where G is the Newton constant [35] . Thus, invoking the BMS/GCA correspondence we see that (13) reduces to
which can be interpreted as the holographic EE for (2+1)-dimensional asymptotically flat spacetimes at zero temperature [17] . Notice that this quantity vanishes whenever one computes EE for spacelike entangling regions. In the following, we will consider an analogous problem at finite temperature.
IV. FINITE TEMPERATURE EE FOR GCFT2
The EE for a CFT with gravitational anomaly (c L = c R ) can be written as
where β L (β R ) is the left-(right-) moving inverse temperature. Once again we want to break the Lorentz invariance of the theory; thus, we boost the interval and follow the same strategy used for the zero temperature case. This procedure yields
where we defined
which can be understood as the inverse temperatures of a GCFT 2 . Our expression for the EE yields the GCFT Cardy formula in the thermal limit [36] ∆x ≫ (β LL , β LM ), i.e.,
Observe that as we take c LM = 0 the above expression reduces to the Cardy formula for a chiral CFT 2 . This is consistent with the fact that the GCA (10) contains a Virasoro subalgebra with central charge c LL . In the next section we will show that the above result can be interpreted as the holographic EE for FSC.
V. FLAT-SPACE HOLOGRAPHIC EE AT FINITE TEMPERATURE
We saw above, that the GCFT dual to Einstein gravity has only one nonvanishing central charge. Hence, part of the structure of the EE cannot be seen in that context. To be able to see the full structure of the holographic EE we consider a theory for which both c LL and c LM are nonzero, namely topological massive gravity [23] whose action reads
where the Chern-Simons contribution is given by
Canonical analysis of TMG yields a BMS 3 algebra with [24] 
Notice that the Einstein gravity limit corresponds to taking µ → ∞.
The equations of motion of TMG admit a rotating BTZ solution, whose metric can be written as
where ℓ is the AdS radius of curvature. We define the quantities
In pure Einstein gravity m and j correspond to the mass and angular momentum of the black hole. Due to the Chern-Simons term in the action there is a shift in the conserved quantities associated to the TMG-BTZ black hole
This spacetime is dual to a field theory state with leftand right-moving asymmetric ensembles with inverse temperatures
In the following, we will unwrap the angular coordinate φ. Hence, strictly speaking, we are actually studying a boosted black brane that is a rotating BTZ black hole at high temperature. The holographic EE for the geometry (23) in TMG is given by
The first term of the above equation was found for Einstein gravity in [25] , while the contribution due to the Chern-Simons term was computed more recently in [4] . Of course, Eq. (27) is a suggestive form of writing Eq. (16) where one can explicitly see the term coming from the gravitational anomaly, which is proportional to c L − c R . Now, we turn to the study of the flat-space analogue of the rotating BTZ black hole solution. The flat-space limit corresponds to taking the cosmological constant Λ to zero; equivalently, we can consider the ℓ → ∞ limit. In this limit, (23) describes an asymptotically flat expanding universe with line element [19] 
where
This metric can be seen as a shifted-boost orbifold of Minkowski spacetime. Hereafter, we refer to this geometry as the FSC. After taking the flat-space limit, the outer horizon of BTZ is mapped to infinity, while the inner horizon remains at a finite radius and defines a cosmological horizon. One can associate an entropy and a temperature to this horizon. In [15] , the authors derived the Bekenstein-Hawking entropy of FSC in Einstein gravity by counting GCFT 2 microstates. Finally, we bring the pieces together to compute the holographic EE for FSC. Since the FSC is the flat-space limit of the rotating BTZ black hole, we claim that its holographic EE can be found by following our prescription to implement anİnönü-Wigner contraction on the holographic EE of the rotating BTZ black hole (27) . More explicitly, we write z = Re iθ , which, just as before, is related to the boost parameter by θ = iκ. Then, employing Eq. (12) and taking the ǫ → 0 limit, we find
This is one of the main results in this paper, which is in agreement with our intrinsic GCFT computation (17), with β + = β LL and β 0 = β LM . Thus, Eq. (30) provides a holographic realization of Eq. (17), where the AdS 3 radius has been identified with the inverse of theİnönü-Wigner parameter (which implies a vanishing cosmological constant). Notice that in the zero temperature limit, i.e., β + → ∞, Eq. (30) reduces to Eq. (13) . Recall that for any (1+1)-dimensional quantum field theory, whenever the entangling region corresponds to a single interval, the Rényi entropies can be determined by computing a twopoint function of twist operators. Just as for CFT 2 , for a GCFT 2 the functional form of these two-point functions is completely fixed by symmetry. The next step is to find the quantum numbers of the twist operators; for a CFT 2 these are the weights (∆ n ,∆ n ) and for a GCFT 2 they correspond to the weight with respect to the Virasoro sector and the rapidity associated with the M n generators (see [20] for more details). For a GCFT 2 these quantum numbers are determined by the central charges of the GCA, c LL and c LM in Eq. (22) . It is these quantities that we import from the asymptotic analysis via the BMS/GCA correspondence.
VI. INTERESTING LIMITS OF THE FSC HOLOGRAPHIC EE
In the present section, we consider some relevant limits of formula (30) , which will serve both as consistency checks and as invitations for further research.
1. Einstein gravity.-From the action (20) it can be seen that we recover Einstein gravity by considering the limit µ → ∞. This limit corresponds to setting c LL = 0 in Eq. (30) as can be seen from Eq. (22) . Therefore, as µ → ∞ we find
Notice that even if we consider a spacelike entangling region, there is a residual EE proportional to the inverse temperature of the cosmological horizon, β 0 .
2. Boost orbifold.-This limit corresponds to taking j to zero; combining (29) and (31) it is clear that this amounts to setting β 0 = 0 in Eq. (30) . This is the regime where there is no cosmological horizon to hide the singularity and can be regarded as a big bang toy model. Moreover, it is apparent that the corresponding geometry is closely related to the Rindler spacetime via Wick rotation. For this case, the EE reads
which matches the GCFT finite temperature result of [17] . It would be quite interesting to explore this line of research since nonextremal black holes contain a universal Rindler patch in their near horizon region. Perhaps this result can shed some light on the understanding of the Bekenstein-Hawking entropy of nonextremal black holes.
3. Thermal entropy.-The thermal entropy of the system can be recovered by considering a large entangling region. Hence, in this limit (∆x → ∞) we expect to find the Bekenstein-Hawking entropy for FSC in TMG. Applying this limit to (30), we find
where we have used the Eqs. (22) and (31) . This expression is in agreement with the result previously reported in [26] .
4. Flat-space chiral gravity.-Finally, we consider the case where the bulk theory consists only of the gravitational Chern-Simons piece. One can obtain conformal Chern-Simons gravity (CSG) by scaling Newton's constant to infinity, while keeping µG = 1/8k fixed [24] . The CSG action reads
where the constant k is the Chern-Simons level.
In this limit we see that c LL = 24k and c LM = 0; therefore, Eq. (30) implies that the EE of FSC becomes
Interestingly, our result for the CSG EE has exactly the form of a chiral CFT at finite temperature, this is consistent with the fact that for CSG the asymptotic symmetry algebra reduces to a chiral copy of the Virasoro algebra.
Thus, we have found that the FSC EE formula (30) captures many different scenarios. In the familiar ones, it reduces to the correct results presented in the literature, while in those hitherto unexplored it predicts interesting behaviors that deserve further investigation.
b. Discussion and outlook. In this paper, we have advocated that using theİnönü-Wigner contraction in combination with gravitational anomalies allows one to compute the EE for field theories dual to asymptotically flat spacetimes in a succinct manner. It would be interesting to understand the geometrical derivation of these results in terms of the RT prescription [2] .
One can find asymptotically flat black holes in 2+1 dimensions by considering higher-derivative gravity theories. Some properties of these black holes have been studied employing the BMS/GCA correspondence [28] . On the other hand, in the presence of higher curvature corrections, the holographic EE computations encounter many subtleties (see, e.g., [27] ). It is an interesting future problem to study the implications of the BMS/GCA correspondence to investigate the holographic EE for these geometries.
Recently, there has been much interest in studying the changes in entanglement due to excitations in the system [29, 30] . Moreover, it has been found that these changes encode physically interesting quantities (see, e.g., [31, 32] ). One of the intriguing future directions is to try to address these questions for Galilean invariant field theories. The formalism developed in this paper can be easily adapted to deal with these questions.
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